Growing microtubules are protected from depolymerisation by the presence of a GTP or GDP/Pi cap. Proteins of the EB1 family bind to the stabilising cap allowing monitoring of its size in real time. The cap size has been shown to correlate with instantaneous microtubule stability. Here we have quantitatively characterised the properties of cap size fluctuations during steady state growth, and have developed a theory predicting their timescale and amplitude from the kinetics of microtubule growth and cap maturation. In contrast to growth speed fluctuations, cap size fluctuations show a characteristic timescale which is defined by the lifetime of the cap sites. Growth fluctuations affect the amplitude of cap size fluctuations; however, cap size does not affect growth speed, indicating that microtubules are far from instability during most of their time of growth. Our theory provides the basis for a quantitative understanding of microtubule stability fluctuations during steady state growth.
INTRODUCTION
The dynamic nature of the microtubule cytoskeleton is essential for its function: it allows for fast adjustments and reorganisations of the internal cell architecture depending on the state of the cell and its environment [1] [2] [3] . At the heart of this dynamicity is the propensity of microtubules to switch stochastically between phases of growth and shrinkage, called dynamic instability [4] [5] [6] . GTP hydrolysis by lattice-incorporated tubulin is ultimately responsible for this behaviour 7, 8 . After addition of tubulin to the growing microtubule end, GTP hydrolysis and phosphate release occur only after a delay.
Hence GTP-tubulins are enriched in the microtubule end region, forming a protective cap that stabilises the growing microtubule 1, 9, 10 .
Although details are still debated, the fast transition from growth to shrinkage, called catastrophe, is thought to be triggered by the loss of the GTP cap, likely as a consequence of stochastic fluctuations in its size 4, 9, 11, 12 . The exact properties of these cap size fluctuations are unknown because the GTP in the growing microtubule end region cannot be directly visualised.
However, end binding proteins of the EB family have been shown recently to bind to the protective cap [13] [14] [15] [16] . Fluorescent EBs can therefore be used to indirectly visualise the cap at the individual microtubule level 14 .
These studies revealed that the cap consists of hundreds of tubulins in the stabilising conformation and that they have a roughly mono-exponential distribution starting from the growing microtubule end, giving rise to the comet-shaped appearance of the EB binding region 13, 15, 17, 18 . The majority of this EB cap is lost during a period of several seconds before catastrophe occurs 16, 19 , indicating that the EB binding region is critical for stability. In agreement with this notion, faster growing microtubules which have larger caps were found to be more stable after sudden tubulin removal 14 . During regular steady state growth, cap size and microtubule stability appeared to fluctuate on a time scale of several seconds 14 , the origin of which is unclear.
In the simplest kinetic model, cap sites are generated by tubulin incorporation into the microtubule lattice followed by a growth speed independent maturation process that forms the mature lattice 13, 19, 20 . Maturation corresponds to a conformational change, most likely associated with GTP hydrolysis or phosphate release 15, 16, 19, 21 . The maturation rate can be experimentally determined from the characteristic length of the EB binding region and the average microtubule growth speed, a procedure called 'comet analysis' 13, 19, 22 .
As freshly added tubulins can also dissociate from microtubule ends, the net tubulin incorporation rate is the difference between the tubulin association and dissociation rates [23] [24] [25] [26] [27] .
Therefore, in the simplest scenario only three rates -the tubulin association, dissociation and maturation rate -might be sufficient to describe the kinetic network of the formation of the protective cap ( Fig. 1a ).
The quantitative investigation of microtubule growth fluctuations, using mean-squared displacement (MSD) analysis, revealed large growth fluctuations, suggesting fast association and dissociation kinetics 23, 28 . However, despite their presumed importance for microtubule stability, the fluctuations of the protective cap size have not yet been measured. Their properties, such as their typical amplitude and characteristic timescale, are unknown and it is unclear if cap size fluctuations can contribute to growth fluctuations.
Intrinsic network noise has been extensively studied for gene expression and other biochemical networks [29] [30] [31] [32] [33] [34] . The specific properties of the noise were often found to be of functional importance. Moreover, chemical network theory has demonstrated that the fluctuation properties of a network are determined by its topology and reaction rates.
Here, we develop a theory that predicts the fluctuation characteristics of the protective cap during microtubule growth from a simple kinetic network of cap formation. Using correlation analysis, we measured for the first time the properties of the cap size fluctuations using EBs as a cap size marker and compared them to the measured properties of the growth fluctuations. We find that, in agreement with theory, growth fluctuations can be considered as Gaussian white noise and cap size fluctuations are well described by the mean-reverting Ornstein-Uhlenbeck (OU) process [35] [36] [37] with a typical timescale that is determined entirely by the maturation rate. This explains the timescale of previously observed stability fluctuations during microtubule growth 14 . Furthermore, the expected and measured amplitude of the cap size fluctuations indicates that microtubules are far from instability during most of their growth time. Overall, the agreement between theory and experiment suggests that the basic properties of the fluctuations in the size of the protective cap can be explained using a simple kinetic model.
THEORY

The cap reaction network
We assume a single protofilament kinetic model for microtubule growth and cap formation summarised by the following scheme and illustrated in Figure 1a .
The cap, C, grows by the addition of GTP-bound subunits to the microtubule end with an association rate ! , which is proportional to the tubulin concentration. The cap shrinks by two processes: (i) the dissociation of subunits from the microtubule end, which occurs at a constant rate independent of the cap size, and (ii) depletion via maturation of cap sites into lattice sites, L, at rate ! where ! is the maturation rate constant and is the number of cap sites. For simplicity this model neglects a recently reported pre-maturation step. This step is considerably faster than the maturation step, especially in the presence of EB1 proteins, making the pre-EB1 binding region much smaller than the EB binding region 19 .
Time-averaged properties of the network
Previous studies 13, 19, 22, 23 have demonstrated how the three kinetic rate constants of the cap reaction network can be derived from the time-averaged properties of two observables: the growth trajectory of the microtubule and the spatial distribution of its cap sites. The growth trajectory represents a 1D
Brownian 'diffusion-with-drift' process with mean growth speed and diffusion constant given by 23
Here is the length of a subunit in the single protofilament model, considered to be the length of a tubulin dimer (8 nm) divided by 13 (the typical number of protofilaments in a microtubule).
From 'comet analysis' (Methods), the spatial probability distribution is given by 19 , . The average number of subunits in the cap, , is then given by / :
Fluctuation properties of the network
Growth velocity fluctuations
From the definition of Brownian motion the length increments of the microtubule represent independent identically distributed Gaussian random variables. In the linear noise approximation 33 (LNA) we can define velocity fluctuations by ( ) =
increment over time interval Δ ) and write = ! + ! , where ! is a Gaussian white noise term accounting for the stochasticity of the microtubule growth 30, 32 . Setting Δ = 1, the power in the noise term is proportional to the sum of the rates of the two Poisson processes of association and dissociation 11 :
The autocovariance function (ACF) of the velocity fluctuations is then given by:
is the Dirac delta function. The form of this ACF reflects the 'memorylessness' of the growth fluctuations i.e. there is no characteristic timescale. The zero lag magnitude reveals the fluctuation amplitude:
Cap size fluctuations
In the cap reaction network the size of the cap fluctuates about its mean value driven away from equilibrium by growth fluctuations. Following a perturbation the cap reverts back to its mean size via the maturation process on a characteristic 'relaxation' timescale ; this is the 'mean-reverting'
property of the OU process.
5
To find the ACF of the cap size fluctuations we can write a deterministic equation for the evolution of the cap:
In the LNA we perturb this expression about its mean and again add a noise term; = − ! + ! , to get an expression for the stochastic fluctuations. The Gaussian noise term, ! , is the sum of a component due to the growth fluctuations, ! , and an independent component due to the maturation step, ! , characterised
With these expressions the ACF of the cap size fluctuations can be obtained (see SI Appendix, SI Methods for details):
The maturation rate enters here as the inverse of the relaxation time, characterising the memory of the fluctuations. The zero lag magnitude reveals the fluctuation amplitude:
Cross-correlation of growth velocity and cap size fluctuations
The cross-covariance function (CCF) can also be found from the above expressions (see SI Appendix, SI Methods for details), it is given by:
is the unit step function. The asymmetry of the CCF results from causality in the network; the growth fluctuations drive the cap size fluctuations but there is no feedback from cap to growth 38 .
Measurement noise
In the presence of experimental measurement noise, modeled as white Gaussian noise, the ACFs require additional terms (see SI Appendix, SI Methods for details). The ACF of the velocity fluctuations becomes;
and the ACF of the cap size fluctuations becomes;
! ! and ! ! denote the squared amplitude of the position and cap size measurement noise respectively.
RESULTS
To measure the properties of EB cap size fluctuations, microtubules were grown from surfaceimmobilized GMPCPP-stabilized seeds in the presence of purified Alexa568-tubulin and GFP-tagged fission yeast EB1 (Mal3) ( Fig. 1b ), essentially as described 13, 39 (Methods). Experiments were performed at three different tubulin concentrations. Microtubule growth and EB cap size fluctuations were monitored using dual-colour time-lapse total internal reflection fluorescence (TIRF) microscopy, 6 with an image acquisition rate of 4 frames s -1 (Fig. 1c ). The growing plus ends of microtubules were tracked 16, 40, 41 , and the corresponding intensity of the EB1-GFP signal in the microtubule end region was recorded using an automated procedure 19 (Methods). For analysis, we considered only continuous growth episodes of at least 200 s duration (Methods and SI Appendix Fig. S2 ), excluding catastrophe episodes.
Cap formation kinetics from time-averaged data
First, we extracted the time-averaged characteristics of the observed steady state growth trajectories.
Representative trajectories show visible fluctuations with faster growth at higher tubulin concentration, as expected ( Fig. 1d ). Mean growth speeds were determined by MD analysis (Fig. 1d middle, SI Appendix, SI Methods ) and the diffusion constant was quantified with MSD analysis (Fig.   1d -bottom, SI Appendix, SI Methods ), characterising the diffusion-with-drift process. From the MSD analysis an estimate for the positional measurement noise was also obtained. From the estimates of the diffusion constant and the mean growth speed the tubulin association and dissociation rates can be derived, which were found to be large compared to their difference (SI Appendix, Fig. S1 ), in agreement with the notion of fast assembly kinetics 23, 42 . The average EB cap length at plus ends was extracted from time-averaged EB1-GFP intensity profiles ( Fig. 1e ) by comet analysis 13, 14, 19 . From the mean growth speeds and the comet lengths the maturation rates were derived (Methods). The timeaveraged properties of the cap reaction network are summarised in Fig. 1f .
Properties of velocity fluctuations
Next we used fluctuation analysis to study the growth fluctuations directly. We obtained velocity time series by calculating finite differences of the microtubule positions at 2 Hz (Methods). Representative velocity traces show that the velocities fluctuate randomly over time ( Fig. 2a ) resulting in Gaussianshaped velocity distributions ( Fig. 2b) , as expected. We then calculated the ACF of the velocity traces ( Fig. 2c , Methods). The increasing magnitude of the ACFs at the origin with increasing tubulin concentration reflects the expected larger fluctuation amplitudes (intrinsic noise) with growth speed due to faster association and dissociation kinetics (equation (3)), as also seen in the broadening of the velocity distributions ( Fig. 2b ). Measurement noise also contributes to the magnitude at the origin and causes the negative correlation at the shortest time lag (equation (7)). Estimates of the intrinsic noise and measurement noise were extracted from the ACFs (Methods, Fig. 2d ). Their combined values agreed well with sigma values of Gaussian fits to the velocity distributions ( Fig. 2b, d) , demonstrating consistency. The measurement noise was in the expected range of the microtubule end tracking precision 40 . In further agreement with theory, the absence of a characteristic correlation time reflects the Poissonian nature of the association and dissociation of tubulin at growing microtubule ends.
The velocity fluctuation amplitude can also be predicted from the results of MSD analysis (Methods) and compared to the fluctuation analysis results. Measurement noise estimates can be 7 compared directly. Good agreement confirms the close mathematical relationship between these two methods ( Fig. 2e, f ). However the fluctuation analysis goes further by explicitly showing that the velocity fluctuations are 'memoryless', supporting the model of microtubule growth as a Brownian diffusion-with-drift.
Properties of EB cap size fluctuations
To measure directly the properties of the EB cap size fluctuations we analysed time series of EB1-GFP intensities in the microtubule end region. As expected from theory (equation (1)) representative time traces ( Fig. 3a ) and histograms of EB1-GFP intensities (Fig. 3b) show that the mean intensity, corresponding to the total cap size, increases with tubulin concentration i.e. growth speed 13 . Also in agreement with theory (equation (5)) the amplitudes of the fluctuations increase with tubulin concentration (Fig. 3a, b) . Interestingly, the intensity fluctuations give the impression of a strong low frequency structure, which was not seen in the velocity fluctuations ( Fig. 2a ).
We computed ACFs of the EB cap intensity fluctuations and found that in contrast to the velocity fluctuations they showed an apparently mono-exponential decay on a timescale of several seconds (Fig. 3c ). The loss of some correlation within the first time lag is the expected consequence of white Gaussian measurement noise (equation (8)). As a control we also analysed the Alexa568tubulin intensity in the microtubule end region; ACFs revealed that in addition to the measurement noise signature, a slowly decaying correlation was detectable beyond the first time lag (Fig. 3d ). This respectively. These values agree well with those obtained from comet analysis (Fig. 1f, Fig. 3e ), providing independent support for our simple model and confirming that the maturation rate is essentially independent of the microtubule growth velocity 13, 20 , as expected theoretically.
Next we determined the mean size of the EB cap and the amplitude of the cap size fluctuations from the ACFs of the EB fluorescence intensity time traces (Fig. S4a, b , Methods). We found again that both the mean cap size and the fluctuation amplitude increased with tubulin concentration, i.e. with growth velocity, consistent with theory (equations (1) and (5)). The mean cap size increases from 266 subunits at 10 µM to 736 subunits at 30 µM (Fig. 3f ) implying a cap of 20-60 tubulin layers long (since 13 tubulin subunits comprise a layer) for our range of experimental conditions. This is in agreement with earlier estimates for microtubules growing in vitro 13, 14, 19 and in living cells 18 . Over the same range of tubulin concentrations, the amplitude of the fluctuations increased from 64 to 178 subunits (Fig. 3g ).
The mean cap size and its fluctuation amplitude can also be predicted from the analysis of time-averaged data, i.e. of spatial EB intensity profiles ('comets'), MD and MSD plots (Methods); good agreement between the time-averaged analysis and the fluctuation analysis further supports the theory (Fig. 3f, g) . These results provide the first quantitative characterisation of the properties of EB cap size fluctuations and their dependence on microtubule growth velocity.
Cross-correlation of growth speed and cap size fluctuations
The topology of the cap reaction network defines a direction of causality: microtubule growth fluctuations affect cap size fluctuations but cap size fluctuations do not influence growth fluctuations.
For such a model, one expects a distinct CCF as shown by simulated data (Fig. 4b) . We computed the average CCFs between the measured growth fluctuations and cap size fluctuations for the three tubulin concentrations (Fig. 4c ). The mixing of two noisy signals resulted in relatively noisy crosscovariance curves. Nevertheless all curves clearly show an asymmetry with exponential decays on the side of positive time lags and roughly zero covariance at negative time lags, in qualitative agreement with theory (equation (6)). These observations further support the topology of the reaction network and the derived theory for steady state microtubule growth velocity and cap size fluctuations. Growth speed fluctuations are determined by two Poisson processes, tubulin association and dissociation 23, 26 , whereas cap size fluctuations are additionally determined by cap site maturation, most likely the transformation of GTP (or GDP/Pi) tubulin to GDP tubulin 15, 16, 21 . The instantaneous rate of cap site maturation depends linearly on the fluctuating cap size, resulting in a process formally similar to diffusion in a potential well (Ornstein-Uhlenbeck process). The cap represents a 'meanreverting' system characterised by the timescale at which it relaxes back to its average size following a stochastic perturbation, which is the inverse of the characteristic frequency i.e. the maturation rate constant. The relatively slow kinetics of cap site maturation limits the response of the cap size to the fast growth fluctuations and effectively attenuates the high frequency perturbations caused by the stochastic growth.
DISCUSSION
We can now explain the timescale of microtubule stability fluctuations, as previously observed in tubulin washout experiments 14 . In these experiments, faster growing microtubules with larger protective caps were more stable 14 . However, the correlation between instantaneous microtubule stability and cap size was lost when they were measured several seconds apart 14 , which is indeed in the range of the characteristic timescale of the cap size fluctuations, as shown here. Hence, the maturation time in the range of seconds as shown here (Fig. 1e, Fig. 3e ) and elsewhere 13-15, 19, 20 sets the timescale of instantaneous microtubule stability fluctuations. This timescale also eliminates EB1 binding dynamics as a significant source of EB1 fluctuations: for the experimental conditions here, these dynamics occur on a ~100 millisecond scale and would only contribute a few percent variation (SI Appendix, SI Methods).
The observed asymmetry of the cross-covariance function of growth velocity and cap size fluctuations indicate that in a steady growth state, velocity fluctuations drive cap size fluctuations, but not vice versa. Whereas this supports the topology of the simple kinetic reaction network of cap generation, it may also appear surprising, because the mean cap size decreases strongly over several seconds before catastrophe 16, 19 , suggesting that cap size could affect growth speed. However, here we excluded catastrophe episodes and growth pauses from our analysis, as we wanted to focus on steady state growth alone. In fact, the observed cross-covariance function shows that microtubules are remarkably stable, for most of their time in steady state growth. Together with recent observations of a stability threshold being in the range of 10-30% of the average cap size 16, 19, 14 the amplitudes of cap size fluctuations as measured here and predicted by our theory, indicate that this stability threshold is indeed far from the mean cap size (~ 3 sigma).
Typical microtubule lifetimes at steady state are in the range of several 100 s, hence much longer than the maturation time 24, 25, [45] [46] [47] [48] [49] . How these two timescales are linked is currently unclear.
Currently, no agreement exists yet as to what exactly the criterion inducing catastrophe is. Simple cap models have been criticized for not correctly describing the measured dependence of steady state microtubule lifetimes on their growth speed 50 . Finer detail on the structure of the cap, potentially influenced by the nanoscale structure of the microtubule end itself, such as the tapered or sheet-like extensions observed by electron microscopy 48 may have to be considered 51 for a more comprehensive model. Furthermore, defects 45 or lattice cracks [52] [53] [54] have been hypothesised to exist and to provide alternative or additional constraints on microtubule stability 45, 50, 53, 54 . Unfortunately, in contrast to the cap size fluctuations, the real time observation of these other features is currently not possible, limiting direct tests of these models.
Our quantitative understanding of the properties of the protective cap size fluctuations during steady state growth, as developed here, will likely be useful in the future for the refinement of existing models and possibly the development of new quantitative models explaining the lifetime of microtubules based on the kinetic processes of growth and cap maturation, as well as for their regulation by accessory proteins.
MATERIALS AND METHODS
Microtubule dynamics assay. Microtubule plus end growth and the GFP intensity of fission yeast EB1 (Mal3-GFP) in the plus end region were measured in flow cells assembled as described previously 39 using TIRF microscopy 19, 55 . Alexa568-labelled microtubules were assembled from biotinylated, Alexa568-labelled and GMPCPP-stabilized seeds, which were attached to a Automated microtubule tracking. For MSD analysis and fluctuation analysis of the microtubule growth, time traces of microtubule plus-end positions were extracted from the Alexa568 channel using a previously described MATLAB program, which has been shown to achieve sub-pixel resolution 19, 41 . Details can be found in the SI Appendix, SI Methods.
Processing tracks and selecting growth episodes. The extracted end positions occasionally showed some artefacts due to tracking errors. To mitigate the effects of these errors the tracks were further processed, as described in the SI Appendix, SI Methods and Figure S2 . Furthermore, in the growth trajectories of the microtubules short episodes of very slow growth were also observed, reminiscent of 'pauses' of growth. We considered these growth episodes to be deviations from steady state behaviour and not applicable to our analysis of steady state growth. These episodes were removed from the data and the remaining partial tracks were subsequently considered separately. More details and statistics of these procedures are summarised in the SI Appendix , Table S1 .
The remaining trajectories and their corresponding EB1 intensity fluctuation data were considered as representing pure steady state growth behaviour recorded with the highest possible positional tracking precision our automated tracking routine can deliver.
MSD analysis. Details of the MD and MSD analysis can be found in the SI Appendix, SI Methods.
EB1 comet analysis.
Average EB1-GFP fluorescence intensity profiles (comets) of the growing microtubule end were generated and fitted with a convolved mathematical function to determine the average size of the EB cap and the maturation rate ! . More details can be found in the SI Appendix, SI Methods.
Generation of velocity time series.
We generated velocity time series by calculating finite differences of the position time series at 2 Hz (half the image acquisition rate). Thus two time series were generated for each track, one from even numbered frames and one from odd numbered frames.
Velocities were not calculated at the smallest possible time difference to reduce the relative magnitude of the measurement noise. The two resulting time series were considered separately, consistent with the theoretical analysis that treats microtubule length increments (equivalently velocity fluctuations) as independent.
Correlation analysis. Details of calculating ACFs can be found in the SI Appendix, SI Methods.
Analysis of velocity autocovariance functions and comparison to MSD analysis. Mean velocity
autocovariance functions are plotted for each tubulin concentration in Fig. 2c . An estimate for measurement noise was obtained from the magnitude of the correlation at the shortest time lag, which was compared directly to the estimate obtained from MSD analysis. The amplitude of the velocity fluctuations was obtained from the magnitude of the correlation at zero lag and the previously obtained estimate of the measurement noise (equation (7)), this was compared to the estimate of the fluctuation amplitude derived from MSD analysis since (setting Δ = 1) ! ! = 2 .
Analysis of the EB1-GFP autocovariance functions. As a control we calculated the normalised ACFs of the Alexa568-tubulin channel and found there was a slowly decaying correlation revealing a source of correlated noise present in the fluorescence intensity measurements (Fig. 3d) , which is likely due to thermal fluctuations of the microtubule 43 . Cross-correlation analysis confirmed that the same external noise source was affecting the EB1-GFP intensity measurements (SI Appendix, Fig.   S3a, b) . The EB1-GFP ACFs therefore comprise a component from the EB1-GFP fluctuations and also a component from the correlated noise. To account for this we performed a global fit to the six curves in Fig. 3c & d , as described in SI Appendix, SI Methods.
Calculating mean cap size and cap fluctuation amplitude from intensity measurements. From the time-averaged analysis (MSD and comet analysis) estimates of , ! and ! were obtained. We used these results to calculate averages values for the mean cap size, , (equation (1)) and the squared cap size fluctuation amplitude, ! , (equation (5)) for each tubulin concentration. The same properties, in fluorescence units rather than numbers of cap sites, can be calculated from the fluctuation analysis of EB1-GFP intensities. We then converted the fluorescence intensity measurements into numbers of cap sites and made a direct comparison ( Fig. 3f, g) . More details are given in the SI Appendix, SI Methods and Figure S4 .
Simulation of cross-correlation.
A full stochastic simulation of the cap reaction network developed from a previous study 24 
